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Abstract

We initiate a study of spectral properties of 3D discrete magnetic Laplacians based on their
relationship to noncommutative 3-tori. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

In nonrelativistic quantum mechanics, the Hamiltonian of a spinless charge carrier mov-
ing in space in the absence of an electric potential, but submitted to a uniform magnetic
field B, is usually taken to be given by

HB=L(P—%A)2,

where m is the mass, ¢ the electric charge, c the speed of light, P = (/27i)V (h denoting
Planck’s constant) and A is a vector potential for B,i.e. V x A = B.

Up to unitary equivalence, the Hamitonian is independent of the choice of vector potential
for B and one may choose e.g. A(x) = %(B x Xx). Further, it is well known that Hg is
essentially self-adjointon  C§O(R?), cf. [50].
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When the motion is restricted to a plane, only the component B of B perpendicular to
the plane produces some effect and one therefore considers without loss of generality the
2D Hamiltonian given by

Ho= - (- 2a)’,
c
where now A = (A, A;) satisfies 3] A»—3,A| = B, Hg being then essentially self-adjoint
on C°(R?).

The determination of the spectra of these Hamiltonians goes back to Landau in 1930 (see
[41] or [42]). The operator Hjp is in essence of the Hamiltonian of an harmonic oscillator
and its spectrum is given by

1\ Iqlh
spHg) = (n+2) 29 g1 n =012, ).
2 ) 2nmce

To determine the spectrum of Hg, one may assume, by rotating the axes if necessary, that
B = (0,0, B). This is physically obvious and not difficult to check mathematically. But
then it is easy to see that Hpg is essentially givenas Hp ® 1 + 1 ® (—h2/47r2m)(d2/ dx?)
on Cg"([Rz) ® C$°(R), and one gets

h
Sp(Hp) = Sp(Hg) + [0, +-00) = [———4“' IBIl, +oo) .
amc

In the presence of an electric potential V, the resulting Hamiltonians are now the magnetic
Schrédinger operators formally given by Hg + V in the 3D case and Hg + V in the 2D case.
The spectral properties of these operators have been investigated by many mathematicians
and physicists (see [28,40] and references therein), the best understood case being when
V is smooth and periodic ([39,57]). In some aspects, the theory of C*-algebras and the
noncommutative geometry of A. Connes have shown to be a very useful tool in this study,
as beautifully illustrated by the work of J. Bellissard on the integer quantum Hall effect
([11,16,26]).

To study qualitative behaviour of magnetic Schrodinger operators, discrete lattice models
have also been considered (see e.g. [10,14]). In the case of a square lattice, the 2D discrete
magnetic Laplacian analogous to Hp (also called Harper’s model) have fascinated many
authors and is still not yet fully understood. We refer to [13,55] for two recent reviews on
this operator, although we shall recall some relevant facts in Section 2. One should note
here that many spectral properties of 2D discrete magnetic Laplacians rely on properties of
the noncommutative 2-tori intrisically associated to them, and that the spectrum depends
on the magnetic field in a much more sophisticated way than in the 2D continuous case,
leading to Hofstadter’s famous butterfly.

In the case of a 3D cubic lattice one may obviously introduce the discrete analogue of Hg,
as we do in Section 3, and which is naturally named the 3D discrete magnetic Laplacian. As
we have not found any reference in the literature dealing explicitely with this model, our aim
with these introductory notes is to initiate a mathematical study of the spectral properties
of 3D discrete magnetic Laplacians, based on the properties of the noncommutative 3-tori
which now enter the picture.
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A nice introduction to noncommutative tori of arbitrary dimension may be found in [54].
Due to the work of many hands, one has by now a quite detailed knowledge of the structure
of noncommutative 2-tori (also called rotation algebras by some authors). Noncommutative
3-tori are also relatively well understood and, for convenience, we present in Section 4 a
review of the results on these algebras needed later on. For completeness, we have included
a classification result, which illustratres how the 3D case differs from the more simple 2D
case.

In Section 5, we obtain, as promised above, some spectral properties of 3D discrete
magnetic Laplacians. Some of the 2D results have direct analogues, such as perfectness
and symmetry around 0, absence of point spectrum, band structure in the so-called rational
case, continuity with respect to the magnetic field, continuity of the integrated density of
states. Some other results, such as Aubry duality and the connection with almost Mathieu
operators, must be somewhat reformulated. We also mention some results which may serve
as a basis for computing effectively numerical approximations of the spectra of some of
these Laplacians.

In the nonrational case, there are examples of discrete Laplacians with non-Cantor spec-
trum (even connected spectrum), in contrast with the 2D case. In view of the description
of the spectrum of Hp mentionned earlier, one possible guess is that this could always be
true, i.e. 3D discrete magnetic Laplacians never have Cantor spectrum. However, in the
discrete model, one does not have the same possibility of freely rotating the axes as in the
continuous model, and it may therefore still happen that the spectrum exhibits a Cantor
structure in some examples. In analogy with the 2D discrete case, a reasonable question is
wether one can expect a Cantor spectrum whenever the associated noncommutative 3-tori
is simple with a unique trace, but we have so far no result in this direction. Another question
of interest (mentioned to us by Bellissard), which we do not take up in these notes, is wether
the de Haas-van Alphen effect ([39,57]) can be observed in the 3D discrete model.

Our notation for noncommutative 3-tori differs slightly from the usual one. It comes out
naturally from the heuristic physical motivation given in Section 3 and makes life easier in
some aspects. Otherwise, we use standard notation and terminology from operator algebras,
homomorphisms and isomorphisms between C*-algebras being always assumed to be *-
preserving. Nonspecialists in this field are invited to consult Fillmores pleasant guide [37]
as a first source of information.

2. On 2D discrete magnetic Laplacians

We recall in this section a few facts about 2D discrete magnetic Laplacians, mainly for
notational purposes. We refer to [13,55] for much more detailed reviews.

Let 8 € R. The associated 2D discrete magnetic Laplacian Ag on a square lattice is the
bounded self-adjoint operator acting on £%(Z?) given by

(Ag)(m,n) =e T"E(m + 1, n) + 7" E(m — 1, n)
+e M E(m, n + 1) + e M EGn, 1 — 1).
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To be more precise, one should subtract four times the identity operator I from Ay in the
definition of the 2D discrete magnetic Laplacian, but we follow [55] here. Note that Ag —41
reduces to the usual 2D discrete Laplacian on £2(Z%) when § = 0. Up to some physical
constant, 6 represents the (vertical) component of a uniform magnetic field perpendicular
to the (horizontal) square lattice, and the discrete analogue of Hp is qualitatively given by
4] — Ay. Note also that the operator Ay often appears in some unitary equivalent disguise.

One may obviously write

Ag =(U"+U+ V"4 V),
where U and V are the unitaries on £>(Z>) defined by
UE)m, n) =™ &m —1,n),
(VE)(m, n) =e™ ™" (m,n ~ 1),
and which satisfy the relation
UV =e?vy. (*)
To include the case of a rectangular lattice one also considers Laplacians given by
Age=U"+U)+c(VF+ V),

where c € R, so0 Ay = Ay ;.

Let A4y denote the C*-subalgebra of B(¢%(Z?)) generated by U and V, ie. Ay =
C*(U, V), so clearly Ap . € Ay for all ¢. Then Ay may be identified as a noncommuzative
2-torus (or rotation algebra), i.e. as the universal C*-algebra generated by two unitaries
satisfying the relation (+) above. The name rotation algebra stems from the decomposition
of Ay as the crossed product of C(T) by the action of Z induced by rotating T through the
angle 276.

Let now B,c € R and denote by My g the multiplication operator acting on 2(2)
associated to the function

m —> 2cos(2w(mé + B)).

The almost Mathieu operator Hg g . is then the almost periodic discrete Schrodinger
operator acting on £2(Z) defined by

Hogo=A+cMyg,
where A denotes the Laplacian on £2(Z) defined by
(AY)m) =y (m+ 1)+ ¢(m—1).
The spectrum of Ay .is related to the spectrum of Hy g . as follows:

Sp(Av.c) = Sp(Hp p.) if6 ¢ Q,

Sp(de)= | ) Sp(Hppo) if6cQ
pel0.1]
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There exists an impressive amount of literature concerning the spectral properties of
the operators defined in this section. Again, we refer to [13,55] and the references given
therein. Although there are many partial positive results in this direction, the main unsolved
problem is the conjecture of M. Kac (the so-called “Ten Martini Problem”) saying that
Sp(Ap ) is Cantor set whenever 6 ¢ Q and ¢ # 0. A recent result which “almost” solves
this problem when ¢ = 1 may be found in {44]: the set {# € R | Sp(Ay) is not a Cantor set}
has Lebesgue measure zero. Another recent result concerning the behaviour of || Ag| as 6
varies is contained in [9].

3. The 3D discrete magnetic Laplacian

Let ® = (61,0;,63) € R3. As a convention, we think of vectors written this way as
column vectors whenever this makes sense. Further, when x € R3, then the components of
x are implicitely given as x), x2 and x3.

3.1

Definition. The 3D discrete magnetic Laplacian, or 3D DML, on a cubic lattice (associated
to @) is the operator Ag defined on £2(Z3) by

(Agé)(m,n, p) =e™EP=8Mem 1 1 n, p) + e T @P=N g — 1 n, p)
+ei7t(03m—91p)§(m’n 4 1, p) +e—-i7t(93m-9|p)€(m,n _ 1’ p)
4O e p, p 4 1) + e TOM gy p — 1),

To be more precise, one should subtract six times the identity operator I from Agto
get the correct definition of this Laplacian, but we follow here common use as in the 2D
case. To motivate the definition, we adapt the argument given in [12, p. 38], in the 2D
case. For clarity of exposition, we disregard the physical constants whenever possible.
More generally, one defines magnetic Laplacians on graphs in an analogous way, see e.g.
[43,59].

We consider an electron described in a tight-binding model (Hiickel’s model) by a wave
function £ in ¢2(Z?), submitted to a uniform magnetic field B. Its energy operator £g
may be qualitatively described, in a first approximation by means of nearest neighbours
interaction, by changing the phase of each term in the energy operator of a free electron as
follows:

(EB&)(m, n, p) = ePTAID e (m 4 1, p) 472D £ — 1, p)
+e AP p 4 1, p) 4 e 2T A2 LD gy g p)
+ei2ﬂA3(m,n.p)§(m, n,p + 1) + e——iZHAg(m,n,p—l)E(m’ n,p— 1)’
where A;(m, n, p) represents the product of a physical constant p by the line integral of a

vector potential A for B along the segment between (m, n, p) and (m + 1, n, p) for j = 1,
or(m,n+1,p)forj=20or(m,n,p+1)forj=3.
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Now, choosing A(x) = %(B x Xx) and setting @ = pB gives £ = Ag after a short
computation. Thus 6/ — Ag may be considered qualitatively as a discrete analogue of
Hag. It is easy to check that choosing another vector potential for B just gives a unitarily
equivalent operator.

3.2

As to be expected, Ag may be expressed in terms of the canonical generators of a
noncommutative 3-torus. To see this, we first etablish some notation.
We define (, )@ : Z> x Z3 — Rby

(x,¥)o = 0O - (x x y) = det([O[x|y]),
andog : 7* x 73 —> T by
co(x.y) =",

An elementary verification gives that og is a normalized 2-cocycle on Z> with values
in the circle group T as defined in [63] (see also [4,5]) and we may form the associated
projective regular representation g of Z* on ¢2(Z>), which is defined by

Ae(¥)é)(X) = og(—X,y)E(x —y)
and satisfies
re(Xre(y) = co(X, Yrex +y) = e *VOrg(y)re(x)

forallx,y € Z3.
The operators Ag (y) are called magnetic translation operators in [23] (see also [62]).
Denoting by e;, e, and e3 the canonical generators of Z* and setting

Up=%e(€), Jj=123,
we then get the following relations between the unitaries Uy, U> and Us
U\Us = 25 00U),  UhUs = eP"0 U0, UsU) = 272U, Us. ()
It is a simple exercise to check that
re(y) = e—in(f), Y2y3—62y1y3-+63y1y2) Ui\'l Ui\': Ujvz 2)
and that
Ag =U! + Uy + U] + Uy + U3 + Us,

so0 Ag is bounded, self-adjoint and has norm less or equal to 6. To include the case of
a box lattice, not necessarily cubic, we also consider 3D discrete magnetic Laplacians
A@.c (¢ € R?) defined by

Ag. = (U + Uy) + c2(U3 + Ua) + c3(U3 + Us),

SO A@ = A@,(l,l.l)'
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3.3

Definition. We define the noncommutative 3-torus (associated to @) as the C*-subalgebra
Ag of B(£2(Z?)) generated by U|, U, and Us.

Obviously, we have Ag . € Ag.

Let C} (Z3, 6p) denote the reduced twisted group C*-algebra of Z* associated with og
(see [63]), i. e. the C*-subalgebra of B(£?(Z>)) generated by the set {Ag(y) | y € Z*}. Due
to (2), it is clear that

Ag = C:(Z3, 0e).

Further, it is well-known that

Ag is the universal C*-algebra generated by three unitaries U, U, and Uj satisfying
(1.

This result is a part of the folklore on this subject. For completeness, let us briefly sketch
one possible way to prove it. As Z3 is an amenable group, one knows that C*(Z3, o) is
canonically isomorphic to the full twisted group C*-algebra C* (Z3, 06) (cf. [63]). Then the
result follows easily by exploiting the universal properties of C*(Z3, o) and the fact that
whenever three unitaries Uy, Uz and Us satisfy (1), then one may define unitaries W (y) for
y € Z3 by

A1 (B yvay3—02y1v3+O3y1¥2) Vi Y2y
W(y)-e 1y2y3—=02y1v3+3y1y2 Ul U2U3,

which then satisfy W (X)W (y) = og(x, Y)W(x +y) for allx,y € Z>.

From this universal property of noncommutative 3-tori, it is clear that, up to isomorphism,
Ag is only determined up to an even permutation of the components of @. It is a nontrivial
fact that this is also true up to a general permutation, as we shall see in 4.8.

3.4

To give a small appetizer of how noncommutative 3-tori are useful when studying spectral
properties of 3D DML’s, let us show that the spectrum of Agmay not be a Cantor set even
when @ has some nonrational components.

Let 6 € R and set ©® = (0, —6,0). Let U and V denote the canonical generators of
Ag and set W = —V. Then U, V and W are unitaries satisfying UV = ¢>VU VW =
WV, WU = e 2" UW. Hence, by the universal proprties of .Ag, there exists an homo-
morphism 7 : 4g — Ay such that [T(U;) = U, [I(Uy) = V and I1(U3) = W. But
then we have IT(Ag) = U* + U. As it is well-known that Sp(U* + U) = [~2, 2], this
implies that [—2, 2] € Sp(Ag). So Sp(Ag) is not a Cantor set for this choice of @ (even
when 6 ¢ Q).
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3.5

We conclude this section with some remarks on noncommutative a-tori and the different
uses of notation in the literature.

To each skew-symmetric matrix R = [rjx] € M,(R),n > 2, one may associate a
noncommutative n-torus 4x as the universal C*-algebra generated by n unitaries Uj,
Us, ..., U, satisfying

UiUp = e U;, 1< jk <, 3)

which may be taken to be defined as the twisted group C*-algebra C}(Z", o) (= C*(Z",
or) since Z" is amenable), where o is the 2-cocycle on Z" with values in T defined by

oR(X,y) =TV,

This was apparently first observed by Elliott in [31]. We caution that he and many other
authors use the transpose of R instead of R in (3), which is only a matter a convenience, but
may cause that one comes out with a sign off if one is not cautious, as pointed out in [52].

Some authors prefer to regard .Ag as associated to the antisymmetric bicharacter on 2"
(or, equivalently, the character on the second exterior power Z" A Z) given by

PR(X,Y) = O (X, Y)oR(y, X) = XK,
Beware that this does not mean that they take .Ax to be defined as C;'(Z", pg).

There is a natural notion of cohomological equivalence between normalized 2-cocycles
on the same group (see e.g. [4,5,47,63]) with the property that cohomologous 2-cocycles
give rise to isomorphic reduced (resp. full) twisted group C*-algebras. (This reflects in
fact the freeness of choosing different vector potentials for the same magnetic field in the
case of Z2 or Z3.) Up to cohomological equivalence, all normalized 2-cocycles on Z" are
given as some og, R skew-symmetric in M, (R), cf. [4,5]. For example, the 2-cocycle
pm (X, y) = e ZTX'MY) M e M, (R), is cohomologous to ok with R = M — M.

For a given @ € R3, our Ag corresponds to Ag where

0 0; -6
R=| -6 0 01
6 -0 0

If we had chosen the vector potential [X(x) = (bax3, b3xy, by x7) for B instead of A in 3.1,
this would have led us to the 2-cocycle pp on 73, where

0 6 0
M=|0 o0 6|,
6 0 0

which is cohomologous to oz with R as above .
As will be seen in the next sections, our “vector” notation for 3-tori has some advantages.
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Finally, it should by now be obvious that one may also consider nD discrete magnetic
Laplacians belonging to noncommutative n-tori, but we shall stick to the 3D case in this
paper, even if some of the results are also valid in higher dimensions.

4. A review of some properties of noncommutative 3-tori

We use freely the notation introduced in the previous sections. Let @ € R?. We denote by
Uy, U, and Us the canonical generators of Ag, and by Wg the twisted group von Neumann
algebra vN (Z°, 0@), i.e. the weak closure of Ag = C} (23, 0@) in B2 (23y).

4.1

Let © € R?, @ = @(mod Z3). It is quite (but not totally) obvious that Aé and Ag
(resp. W, and Wg) are isomorphic. Anyhow, it follows from the universal property of
noncommutative 3-tori that there exists an isomorphism 7 from .4 onto .Ag satistying

nU)=U;, j=1,23,

where U, Ua, U3 denote the canonical generators of Aé.
4.2

For x € 77, let §x € £2(Z3) be the delta function at X and set § = 8. Then we have

ro(y)dx = 0@(y, X)dy+x, C))

and especially Ag(y)é = &y, forallx,y 73,

It is well-known (cf. [63]), and easy to check using (4), that the vector § is cyclic, tracial
and separating for Wg. Hence the map 7 : Wg — C defined by (W) = (W§,8) is a
faithful normal tracial state on Wg which satisfies (and is uniquely determined by)

o) =1y=0, T(Ae(y)) =0,y #0.

We also denote by 1 the restriction of 7 to .Ag. The trace 7 is the analogue of integration
with repect to normalized Haar measure on T>. The algebra Ag (resp. Wg) is a stably
finite C*-algebra (resp. a finite von Neumann algebra), which is isomorphic to C(T?) (resp.
L°(T?)) via Fourier transform when @ = 0(mod Z°). It is not difficult to show (e.g. by
“pre” Tomita-Takesaki theory, cf. [37], 9.1) that the commutant of Wg is W_g). This
supports the idea that elements of Wg may be thought of as generalized periodic discrete
Schrédinger operators as they commute with the magnetic translation operators associated
to (—@).

4.3

One of the main tool for doing analysis in Wg is Fourier analysis.



E. Bédos/ Journal of Geometry and Physics 30 (1999) 204-232 213

For each W € Wg we define its Fourier transform W e 0273 by W = W§. Then we
have

Wx) = (W8, &) = t(Wig(x)"), xe€Z°.

If we denote by ||.||2 the norm on Wg defined by ||W||32 =t(W*W) = IIWH%, then the
Fourier series of W, defined as

Y WEre),

xeZ?

converges to W in ||.||2-norm, and W is therefore uniquely determined by W as an element
of Wg . As usual, the Fourier series of W € Wg does not necessarily converges to W
in operator norm, even if W € 4g. But it does if W belongs to the smooth canonical
subalgebra AZ = {A € Ag|A € S(Z*)) of Ag. where S(Z*)(~ C*(T?)) denotes the
Schwartz space of rapidly decreasing complex functions on Z>.

44

There exists a canonical dual ergodic action o of T ~ Z3 on We (cf. [47]) satisfying
ay(Up) =yl veT’, j=1.2.3.

Each a- is in fact implemented by the unitary U~ on £2(Z?) defined by UyE(x) =
~(x)&€(x), and we have ozfy’(TV )= 7ﬁ7 forally € T3, W € Wg, from which the ergodicity
of « easily follows. The action « obviously restricts to an action on Ag, which we also
denote by «. It is not difficult to check that the space of C™-vectors for « is just .Ag. For
each k = 1, 2, 3, one may associate the infinitesimal generator d; for this action in the kth
direction of T3, which is then a *-derivation on Ag satisfying

B(A) =) 2mix AXreX).

xeZ?

4.5

We denote by Cg the subgroup of Z* given by

Co={xeZ’|(x,y)g € Zforally € 7°}
={er3|xx@eZ3}.

A quick application of Fourier analysis gives that the centre of W is the von Neumann
subalgebra of Wg generated by {Ag(X) | x € C@). It is then not very difficult to conclude
that the centre of Ag is the C*-algebra generated by {Ag(x) | x € Cg} (see also [31], p.
170-171).

Let d(@) denote the dimension of Q@ + 6; @ + 6> Q + 63 Q as a vector space over Q,
so d(@) e {1,2,3,4}. We say that @ (or Ag) is rational whenever d(®) = 1, ie. @
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has only rational components, while we say that @ (or Ag) is totally irrational whenever
d(@) =4,i.e. 1,6, 62 and 83 are rationally independent.

It is a simple exercise to verify that Cg = {0} if and only if d(©) € {3, 4}. This situation
is often refered to as the nondegenerate case in the literature.

The nontrivial implications in the following theorem are special cases of results in [58],
see also [48].

Theorem. The following statements are equivalent:
(i) d(®) € {3,4},

(ii) Ag is simple,

(iii) A@ has a unique trace,

(iv) Weg is a factor,

(v) Ag@ has a trivial centre.

As 73 is amenable, it follows from [25] that Wg is always injective, and that W is
isomorphic to the hyperfinite I I,-factor whenever d(®) € {3, 4}.

Concerning the structure of noncommutative 3-tori, we shall see in 4.9 that rational 3-tori
are subhomogeneous. More generally, it has recently been shown in [45], building heavily
on [33] and [34,35], that any noncommutative 3-torus is the inductive limit of type I C*-
algebras (see [45], Corollary 1, for a more precise statement; this result holds for almost
all noncommutative n-tori, as shown in [20]). This strengthens the fact known earlier that
Ag is nuclear. It is also known that every nonrational noncommutative torus is so-called
approximately divisible and therefore has stable rank 1 and real rank zero whenever simple
(cf. [19]).

4.6

We shall need some results concerning the K-theory of noncommutative 3-tori. Short
overviews of K-theory for C*-algebras may be found in [10,14,37]. A much more compre-
hensive treatise is [18], which includes a proof of the Pimsner-Voiculescu (PV-)sequence
for crossed products of C*-algebras by actions of Z. One of the main motivation in the
original paper of Pimsner and Voiculescu ([49]) was that this sequence enabled them to
compute the K-theory of Ay . They obtained

Ko(Ag) =77 =~ K (Ap).

By taking into account the fundamental construction of Rieffel [51] of a nontrivial projection
in Ay of trace & when 6 € (0, 1), they showed further that .4y is isomorphic to A; if and
onlyif 9 =6 or 1 — #(mod 7).

Now one may decompose a noncommutative 3-torus Ag as the crossed product of Ay,
by an action of Z as follows. Using 4.4, let o) denote the automorphism of Ay, satisfying
a1 (U) = e[y o (V) = e~ 2701V where U and V denote the canonical generators of
Ag, . This automorphism induces an action of Z on .Ag, and the resulting C*-crossed product
is then isomorphic to .Ag, since it is generated by the unitaries U, V and W, where W is the
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unitary inside the crossed product which implements ¢, and satisfies the same universal
property as Ag, as follows readily from the universal property of the crossed product.
By exploiting the PV-sequence associated to this decomposition, one gets

Ko(Ag) =Z* =~ K|(A@).

This result is due to Elliott ({31], see also [51]) in the more general case of noncommutative
n-tori, using an analogous inductive step. When choosing n = 3, the main result of [30]
says that if one denotes by t, the canonical homomorphism from Ko(Ag) into R induced
by the tracial state 7 on Ag defined in 4.2, then one has

. (Ko(A@)) =Z + 61 Z 4+ 6:Z + KZ

and also 7, = 7, whenever 7’ is another tracial state on Ag (if in the degenerate case).
4.7

One may also decompose Ag as a twisted C*-crossed product ([63]) of C(T) by a twisted
action (B, w) of Z> as follows.
We define g : Z> —> Aut(C(T)) by

Bm(fN(2) = f(e'"iz”("ll‘%*mzf’nz)
and w : 7°> x 7> — Thby

w(m, n) = ein’H;(mmg—mgm).

It is not difficult to verify that this gives a twisted action of Z? on C(T) and that the resulting
twisted C*-crossed product is isomorphic to .Ag, using the universal defining properties
of both these C*-algebras. As we will not use this result explicitely later on, we do not
elaborate on the proof. We mention it because it is related to the connection between 3D
discrete magnetic Laplacians and 2D almost Mathieu operators we shall etablish in 5.10.
One may also use it in conjunction with the main theorem in [6] to obtain another proof of
Slawny’s result recalled in 4.5.

4.8

We will now present a classification theorem for noncommutative 3-tori, which illustrates
that not all results concerning noncommutative 2-tori do have a direct analogue in 3D. Up
to the result mentioned in (d) below, this theorem is due to Brenken ([21]). Our presentation
will be somewhat different from his, and hopefully more straightforward.

Let us first remark that the canonical action of SL(2, Z) on C(T?) as toral automorphisms
may be generalized to produce an action of SL(2, Z) on any noncommutative 2-torus ([60]).
If one carries out the same idea in 3D, then the outcome may be described as follows:

(a) Let A € SL(3, Z). Then there exists an isomorphism ¢4 from Ag onto .4 ,4¢ such that
a(r@(¥)) = A(Ay) forally € Z°.
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Proof (sketch). The clue is that we have
(AX, Ay) 20 = det([AO| Ax|Ay])
=det(A[O|x|y]) = det(A) det([@|x]y])
=(x,y)g@ forallx,ye Z>.
Now define U4 as the unitary on 82(23) given by

(Uad)(x) = E(A7'x).

Using the clue observation above, a short computation gives

Usre(Y)U} = ra0(Ay)
forally € Z3, and it is then clear that the restriction of Ad(U 4) to Ag has the desired
properties of (4. a

We remark that if one starts with some B € GL(3, Z) satisfying det(B) = —1 and
proceeds analogously, the outcome is then an isomorphism from .Ag onto .4 4@ conjugated
toiy, where A= —B € SL(3, 2).

Obviously, we may introduce an equivalence relation ~ on R? by setting

O ~ @ < there exists A € SL(3, Z) such that @ = A®(mod Z°%).
By combining 4.1 and (a) above we get:
b O~6 = UAg=Ay
We may also introduce another equivalence relation &~ on R? by setting
O ~ @ < there exists B € GL(3, Z) such that ©@ = BO(mod Z°).
Then we have

© AgxAg=0x6.

Proof (sketch). We adapt the line of proof given by Yin [61] in the 2D case. Assume that ¢
is an isomorphism from .4g onto Ag- Using 4.1, we may assume that 0 < 6, 9~j <l,j=
1,2, 3. We denote by 7 the canonical trace on Ag,.

Using the PV-sequence on the decomposition of a noncommutative 3-tori as a crossed
product of a noncommutative 2-tori by an action of Z described in 4.6 , together with
the appendix of [49], it is not difficult to see that there exist (Rieffel or Bott) projections
P1, p2, p3 (tesp. pi, p2, p3)in Ag orin Ma(Ag) (resp. in Aé orin Mz(Aé)) such that

Ko(Ag) = Z* with generators [1], [p1], [p2]. [p3),
Ko(Ag) = Z* with generators [1, [511, [52], [5],

and

() =6, TP =6, k=1,2,3.
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Let ¢, denote the isomorphism from Ko (Ag) >~ [1]Z & [p11Z & [p21Z & [p31Z
onto Ko(Ag) = [1]Z®[11Z ®[521Z ® [531Z induced by ¢. As ¢,([1]) = [1], the matrix
of ¢, with respect to these decompositions must be of the form

1 ag a a
0 by b2 b3
0 by by b3
0 b3 b3y b33

b =

where ay, a2,a3 € Zand B = [bj;] € GL(3, Z).
Now, as T o¢ is also a tracial state on .4g, we know from [31], cf. 4.6, that 7, = (Tod), =
T, o ¢,. Hence, foreach k = 1, 2, 3, we get

O = T ([pr]) = Tu(@u [ pi]
= Ty (ax[11+ bie[p11 + b [ p2] + b3 [ P3])
=a; + bBy + by + baib;.

This gives @ = B'@(mod Z>) and therefore @ ~ @ as desired. a

The next statement looks quite innocent at first sight, but is in fact nontrivial, as it relies
on some deep results of Elliott and Lin. We have

(d) .A@ g .A(_@) .

Proof (sketch). When d(@) € (1,2}, it follows from simple considerations that & ~
(—©), hence Ag >~ A_@) by (a). Assume now d(O) € {3, 4}, i.e. Ag is simple with a
unique trace by Slawny’s theorem. Then, as shown in [45], Ag is a unital inductive limit of
direct sums of four circle algebras. Consequently, using the classification theorem of Elliott
in [32] (see also [46})), the ordered K(-group (cf. [18]) with distinguished order unit is a
complete isomorphism invariant for simple noncommutative 3-tori. Now let Aoé’ denote the
C*-algebra opposite to Ag, i.e. equipped with reverse multiplication. By construction, it is
clear that Ag and Ag have the same invariant. On the other hand, it is quite obvious that
A‘g is isomorphic to .A_g,. Hence we deduce that Ag =~ A_g,) as desired. O

By using (b)—(d) we obtain the following classification result.
Theorem. We have Ag = Ag = O ~ 6.

Concerning the classification of noncommutative smooth 3-tori, regarded as locally con-
vex topological algebras in a natural way, a deep result from [21,22,27], relying on Connes’
cyclic cohomology, says that

Ag = AZ & 6~ 0.

As alluded to in [21], this classification result, combined with (d), has the following
consequence. Assume that d(@) = 4, i.e. @ is totally irrational. Then we have Ag >~
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A(—@), while Ag is not isomorphic to A‘(’ie). This means that .Ag is then an example of
a simple C*-algebra with two different differential stuctures.

4.9

We shall briefly explain how rational noncommutative 3-tori are easily classified and
how any such algebra is isomorphic to a C*-subalgebra of some matrix algebra over C(T?)
(and thereby subhomogeneous).

We assume that @ is rational, §; = p;/q; € Q, j = 1, 2, 3, and without loss of generality
(using 4.1) we also assume that 1 < |p;| < g;j and (pj,¢j)) =1,j=1,2,3.

We set g = ¢q(@) = l.c.m. (g1, 92, q3) and e = (0,0, 1/g). A simple number-
theoretical argument gives that @ ~ ©. Hence we have

A = 'A@ ~C(Me® .A[/q,

the first isomorphism being given by 4.8 (b) and the second being the natural one determined
by sending the canonical generators U, U2 and U3 of .A@ onolQU,1@Vand W®I,
respectively, where U and V denote the canonical generators of A}, and W the canonical
generator of C(T). We refer to [21] for an analogous result for rational noncommutative
tori of arbitrary dimension. It follows easily from this result that rational noncommutative
3-tori are classified by ¢(@).

Ifg=1ie.© =(1,1,1) ~ 0, then Ag =~ C(T3). Assume now that q > 2. Then
it is known ([11,24]) that A}, is isomorphic to the C*-subalgebra of C TH® M, (C) =
C(T2, M,(C)) generated by the two M, (C)-valued functions U and V on T2 defined by

o 1.0 ... 0O
Uz, z)=a| " * + + [,
0 0 0O 1
L1 0 0 0
e 0 0 .. 0
3 0 ¢ o | 0
Vi, z2) =22 o :
0 0 o0 .. eaD

It follows therefore that Aé is isomorphic to the C*-subalgebra of C(T)® C(T?, M, (©0) =

C(T3, M;4(C)) generated by the three M, (C)—valued functions Ui, U, and 03 on T3
defined by

U121, 22, 23) = U(z1, 22),
Ua(z1, 22, 23) = V (21, 22),
U3(z1,22,23) =23 I; (1, denoting theq x g identity matrix),

via an isomorphism sending U ; onto U 1, J=1,2,3.
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Combining this with the result above, we obtain that Ag is isomorphic to the C*-
subalgebra of C(T3, M, (C) ~ M, (C(T3) generated by 01, 02 and 03, as desired.

4.10

Let I denote a closed box in R equipped with its usual topology. It follows from a
more general result on continuous fields of C*-algebras arising from varying cocycles on
amenable groups due to Rieffel ([53], see also [36]) that the family {dg}@< = {C} (Z3,
0@))ec1 is a continuous field of C*-algebras. Its associated C*-algebra 4; , of continuous
sections may be described as the twisted C*-crossed product C*(C (I), Z3.1id, oy), where
id denotes the trivial action of Z3 on C (I) and o1 denotes the 2-cocycle on 73 with values
in the unitaries of C(I) defined by

[o1(x, N1(O@) = 0p(X, y).

Indeed, for each @ € I, there exists a canonical homomorphism g from C*(C(I), 73, 1d,
oy) onto C*(Z3, 0g) ~ cr (Z3, 0@) determined by

relai(m) = a(@igm), acCd), meZ?

(where A1(m) denotes the canonical unitary in C*(C(I), 73,id, o1) associated to each
m e 73).
The map 7 from C*(C(I), Z3, id, oy) onto Aj, defined by

n(A) = {mrg(A)}l@c

gives then the desired isomorphism.

We remark that one may avoid introducing twisted C*-crossed products explicitely by
adapating the approach described by Bellissard ([15]) in the 2D case. There is also another
approach due to Anderson and Paschke ([1]) in the 2D case which is related to the group C*-
algebra of the classical 3D discrete Heisenberg group. This approach may be carried over
to the 3D case and is then related to the group C*-algebra of some 6D discrete Heisenberg
group. In fact, there is a subtlety here in that choosing different cocycles does not necessarily
lead to isomorphic Heisenberg groups. As it would take us too far afield from our main theme
to explain this more precisely, we will deal with these matters in a separate work ([8]).

5. Some spectral properties of 3D discrete magnetic Laplacians

We continue to use the notation introduced in the previous sections.
Let @, ¢ € R>. We set

8(@,¢) = Sp(4e.o) and S(O) = Sp(4g) = S(O, (1,1, 1)).
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5.1

Proposition. Let o= O(mod 7%) and & = (%), c;, +c3). Then we have

$(O,¢) = S(O, ¢) = S(O, 7).

Proof. The first equality follows easily from 4.1. Let v = (%1, &1, +1) € T>. From 4.4
we get ay(Ag ) = Ag ¢ and the second equality follows readily. O

5.2

Proposition. Let a = ||Ag c|l. Then S(O, ¢) is a closed subset of [—a, a] which is sym-
metric around 0 and contains *a.

Proof. Using 5.1 with ¢ = —c we have
$(0,¢) = Sp(4g (—¢) = Sp(—Ag ) = ~S(O, ¢).

As Ag ¢ is bounded and self-adjoint, the result follows from elementary operator theory.
O

An obvious upper bound for || Ag ¢ || is 2(|c1| + |c2| + |c3]). Determining better estimates
for | A@.ll, or just for ||Agll, should be a challenging problem, as it is in the 2D case
(see [9]).

53

Let 6, c € R, ¢ # 0. In the 2D case, we have
Sp(A(-).c) = Sp(4e.c) = c¢Sp(4y 1),

the second equality being usually called Aubry (or André-Aubry) duality, cf. [3,11,13]. A
somewhat analagous result in 3D may be formulated as follows.

Proposition. Let o= (:EO,,(]), 16,2, £0p3)) and € = (cp1)» Cp2), Cp3)), Where p is a
permutation of {1, 2, 3}. Then we have
5(0,8 =50, 0).
Especially, we have
5(@) = $(©).
Proof. The second assertion follows from the first by setting¢ = (1, 1, 1). The first assertion

is proved by the following three steps. We denote by A the standard matrix of the linear
map © — © from R? into R, s0 A € GL(3, Z).
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(1) Assume first that det(A) = 1. Then one checks easily that the isomorphism ¢4 from
Ag onto Ay = Ag introduced in 4.8 (a) sends Ag ¢ to A Hence we get
S(@, &) = $(©, ¢) in this case.

(11) Secondly, we observe that there exists an obvious natural anti-isomorphism from Ag
onto A_g) (by identifying A _g, with the opposite algebra of Ag) which sends
A@. 10 A(_@)c. As anti-isomorphisms also preserve spectra, we get S(—6, ¢) =
S(O, ¢).

(iil) Assume at last that det(A) = —1, so det(—A) = 1. Then, writing (—é) = (-A)O
and using i), we get S(-—é, €¢) = S(O©,¢). On the other hand, using ii), we have
(-0, &) = S(é, ¢). Hence we get 5O, €) = S(O, ¢) also in this case. a

The connection with Aubry duality is more apparent when (at least) two of the components
of © are equal (mod Z3). Assume for example that 6, = 6,. By choosing p to be the
permutation interchanging 1 and 2, we get then

S(O,¢) = 8(O, (2, c1, c3)),
and therefore

SO, (1,c,d))=c¢SO, (1, 1/c,d/c)), c #0.
5.4

By using Propositions 5.1-5.3, we see that we may restrict our attention to the case when
0<6 <6, <63<1/2and¢; >0,j=1,2,3.

5.5

Proposition. Let ¢ # 0. Then Ag . has no point spectrum. Especially S(©, ¢) has no
isolated points, i. e. is a perfect set.

Proof. We adapt an argument due to Delyon and Souillard ([29]) given in the context of
1D random discrete Schrodinger operators (see aiso [28]).

Let J be a finite, nonempty subset of Z> and denote by P the orthogonal projection from
£2(Z%) onto £2(J). Let W € Wg.

Since 7(W) = 1(A@(X)*Wig (X)) = (Wé, §) forallx € 73, we get easily

1
Setnow J(n) = {—n,...,0,...,n}’and P, = Pj(n) foreachn e N.
Assume (for contradiction) that A € R is an eigenvalue for Ag .. Denote by 0 € Wg
the spectral projection of Ag . associated to {A}, so Q # 0.
Letn € N, n > 3. Using the definition of Ag . and the assumption that c has (at least) one
nonzero component, it is not difficult to see that
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dim(P, Q(£*(Z%)) < #(J(W\J (n —2)).

(One can achieve a better upper bound here, but this one suffices for our purposes.) Hence
we get

_ 1 2,73
0=<t(Q)= #(J(n))ITr(PnQ)I < #(J(n))dlm(PnQ(lf Z))
_HIm\ J(n=2)
- #(J (n))
But, as
#JMN\J(n-2) @Qn+1)7>—-@2n-3)°
— —> Qasn — 00,
#(J(n)) (2n+1)3
this implies that T(Q) = 0, thus Q = 0 as 7t is faithful. We have obtained a contradiction,
and the result follows. O

With some more work, the same idea can be pursued to show that this proposition
also holds for any nonzero selfadjoint operator lying in the *-algebra generated by {Ag(y) |
y € 7°).

5.6

Let {I3},>1 be any Folner sequence for 73 (cf. e.g. [7]). For example, we may take
Iy ={-n,...,0,...,n)30r I, = {0, 1,...,n). Set H, = £%(I3) and let P, be the
orthogonal projection from £2(Z3) onto £2(H,). Let T € Wg.

We denote by 17 the spectral measure of the compression T,, = P, Tj3, with respect to
the normalized trace on B(H,,), i.e.

ur(S) =

1
#T0) - (number of eigenvalues of 7, in S) (multiplicities counted).
n

The IDS (integrated density of states) of T at A € R (with respect to {P,}), see [3,28] for
an explanation of this terminology, is defined by

Nr() = lim u7.((—00, 1)),
n—oQ
whenever this limit exists.
On the other hand, let ,u’T denote the spectral measure of 7' with respect to 7, so
ur(S) = t(Er(S)), S Borel subset of R,

where E7 denotes the projection-valued measure associated to 7 in Wg.
The spectrum distribution function of T ( in the terminology of [55]) is defined by

Dr() = pr((-00,A), reR.

It follows from {7] that the Borel probability measure u7. converges weakly to pf. as
n — oo. From a classical result in probability theory, this implies that N7 (L) exists and



E. Bédos/Journal of Geometry and Physics 30 (1999) 204-232 223

is equal to Dy (A) whenever u7.({A}) = 0, i. e. whenever A is not an eigenvalue of T, or,
equivalently, whenever Dy is continuous at A. Taking into account Proposition 5.5, the next
proposition clearly follows.

Proposition. The IDS of Ag . exists for all A € R. It is continuous on R and equal to the
spectrum distribution function of Ag ..

It is elementary to see that S(®, ¢) may be described as the support of the spectral
measure of Ag . with respect to t (cf. [7]), i.e. as the set of nonconstancy points of the
spectrum distribution function of Ag .. Hence, the above result means that S(@, ¢) may be
approximated numerically by computing the spectrum of P, A@ ¢y, forlarge n (cf. [2,7]).
However, it seems quite hard to do this in an effective way, the size of the resulting matrices
being of order n* x n3. We shall describe in 5.7 and 5.11 some other numerical methods
which seem potentially more efficient.

5.7

Proposition. Ler @ be rational. Then every selfadjoint operator in Ag (so especially
A@. ¢ ) has a band-spectrum.

Proof. This follows from 4.9. If we use the notation introduced there and let ¢ = ¢(@),
then every element of Ag may be represented as a ¢ x g matrix over C(T>). Hence the
spectrum of every selfadjoint operator in .Ag must consist of at most ¢ bands.(This can
also be deduced using the main result of [31] mentionned in 4.6). a

For concretely given @ € Q° and ¢ € R?, itis possible to trace the isomorphism from Ag
onto M, (C (T3)) described in 4.9, and thereby obtain a (somewhat complicated) formula for
the representative of Ag  in M, (C (T3)), from which S(@, ¢) can then be approximated
numerically. However, we have not so far found an effective procedure which implements
this process in general, and each case must be computed separately. The simple case when
q(®) = 2 can be done by hand, and one obtains e.g.

5((0.0, 1)) =[-201 + v2), 201 + V2)1,
50,1, 5y =[-2v5,2V5],
SG. 4 =1-2v3,2V3].

In view of the above remark, the next result means that it should then be possible to
compute better and better approximations of S{@, ¢) for a given nonrational &, but so far
only in a quite ineffective way. We hope to come back to these numerical considerations in
a later work.

5.8

Proposition. Let ¢ € R3 and let 1 denote a closed box in R3 containing ©, equipped with
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its usual topology. Then the family (S(O, ¢)}@¢1 is continuous in the following sense : For
each open set U C R, the sets {© € 1|S(@,¢) C U} and {© € I|S(O,c) N U # @)} are
both open subsets of 1.

Proof. Since the family {4g}@1 is a continuous field of C*-algebras, cf. 4.10, and
{A@,c}oe is a normal continuous section of it, the result follows from [30]. Alternatively,
one can proceed as in [15]. a

It is easy to see that the map ¢ —> S(6O, ¢) is Hausdorff-continuous. It is quite pos-
sible that the map @ — S§(O, ¢) is also Hausdorff-continuous (as its analogue is in the
2D case, cf. [24], see also [38]). We shall give an indication of this in 5.11. The con-
tinuity property expressed in the proposition above is weaker than Hausdorff continuity.
It may be rephrased as follows: whenever ©; is a sequence in R? converging to @, we
have

S@,c)={reR |3, € §(O, ¢) foreachk,s.t. Ay — A}.
59

In the simple case when @ is parallel to one of the axes, we can say more about S(@, c).
Without loss of generality (using 5.3), we only consider the third axis.

Proposition. Ler 8 € R and set @ = (0,0, 0). Assume that c3 # 0. Then S(@, ¢) is nota
Cantor set and we have

S(@) =[-Q2+ 11461, 2+ 149 D]

Proof. Let U and V denote the canonical generators of Ay and W denotes the canonical
generator of C(T). Then there exists an obvious isomorphism 7 from .Ag onto C(T) ® 4y
satisfying

rU)=1QU, a(l)=1QV, k) =Wa®I.
Hence we get
(A =1® (U +U)+aa(VF+ WV+a(W+W)® 1,
which implies that

S(@,0)=SplciU*+U) + (V¥ + V) + c3Sp(W* + W)
=8Spc(U* + U) + c2(V* + V)) + [—2|c3], 2|c3]]

and the first assertion clearly follows. Further, this gives

S(O) = Sp(4Ap) + [-2,2].
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Now we have ||Ag|| < 4 and Sp(As) C [~[|Agll, || A¢ll] with £]As|l € Sp(Ag) (from
the 2D analogue of Proposition 5.2). Further, we know from {24, p. 232], that 0 € Sp(Ay).
The last assertion is then easily deduced. O

The case when @ = (0, 0, 8) and c3 = 0 is essentially the 2D problem. For example, we
have

S((0,0,0), (c1, c2,0)) = c1Sp(Ay.c, /¢, ) Whenever ¢ # 0,

and this set is then “generically” a Cantor set, cf. [17].

The above proposition illustrates that the gap labelling theory (see [10,14]) is not always
useful. This theory predicts that when @ = (0, 0, #), the possible gap levels for Ag are
given by numbers in (Z +62Z) N [0, 1] (using 4.6). On the other hand, the only gap levels of
Ag in this case are 0 and 1, since (@) is then connected, as shown above. Note that we
are within the degenerate case for this choice of @. It is conceivable that the gap labelling
theory may turn to be useful only when @ is nondegenerate.

5.10

We shall now etablish a connection between 3D discrete magnetic Laplacians and some
2D discrete almost periodic magnetic Schrodinger operators, which we call 2D almost
Mathieu operators in view of the obvious analogy with such 1D operators. We first define
these operators.

Let @, ¢ € R? be given. We denote by U and V the canonical generators of Ay, acting on
£2(Z?). For each B € R we define Fjg to be the multiplication operator on £2(Z3) associated
to the real function on Z? given by

(my,my) —> 2cosa(m 6, — m26| + B)).

We define then the 2D almost Mathieu operator on £2(Z?) associated to @, ¢, 8 as the
operator given by

Hocp=c(U*+U)+c2(V*+ V) +c3Fp.

To see more clearly the analogy with the 1D almost Mathieu operators defined in
Section 2, we observe that if ¢ = (1, ¢, d), we have
H@Cﬂ = A93.C + dFﬂ
To etablish the desired connection, let us now introduce the unitary operator Wg on (%
defined as the multiplication operator associated to the complex function on Z> given by

(ml m2) ei2n(m192~m261+ﬂ)_

Then we clearly have Fg = Wg + Wg. Further, one checks that U, V and Wy satisfy the
relations

UV =e?™VU, VW =WV, WgU =" UWg.
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Using the universal property of .Ag, there exists a homomorphism g from .4g onto
C*(U, V, Wg) such that

ﬂﬂ(U1)=U, ﬂﬂ(U2)=V, ﬂﬂ(U}):Wﬂ.
Then we get

g (Ag,) = H@.c.ﬂ'

As briefly described in 4.7, .A@ may be written as a twisted crossed product of C(T) by
a twisted action of 72, and mg is then a representation of this crossed product obtained by
a well-known procedure.

Our interest in 2D almost Mathieu operators stems from the following result, which is
clearly analogous to one of the results recalled in Section 2.

Proposition. We have

$(©,¢) = Sp(Hg cg) if O isnondegenerate,

5©.0)= | Sp(Ho.cp) ifO isdegenerate.
Bel0.1]

Proof. The proof goes along the same lines as in the 2D case (see [24, p. 235]). If @ is
nondegenerate, then .Ag is simple by Slawny’s theorem and 7 is therefore an isomorphism,
$0 (O, ¢) = Sp(Hg ¢ p) as desired.

Assume now that @ is degenerate. It is then enough to show that the family {ng} (0,1
of representations of Ag is separating, i.e. that

J:= () kermg = {0},
pel0.1]

since this implies that

5@, 0= | Sp(Hoep)= |J Sp(Ho.p):
Bel0.1] B€[0.1]

the last equality being not hard to see.

To show that J = {0}, we appeal to the action « of T3 on Ap defined in 4.4: as « is
ergodic, it is then enough to show that .7 is invariant under «.

For z,z7 € T, let V,, ., denote the unitary operator on £2(7?) defined as the multipli-
cation operator associated to the complex function on Z? given by

m _m
(mi,m2) — zy'2;".

For B € R, we may then define a representation 7, ., g of Ag on £2(Z?) by

T8 =(AdV,, .,)omg.
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2%
[
2

Now, if v € T? and we write y3 = el27® for some w € R, then one checks that

T8 00y = T2y, 20y, B4w-

Soif A € J, we get

gy (A)) =711 g(ay(A))
=Ty, p+0(A)
= (Ad V), ), (T g+0(A))
=0

for all 8 € R, which implies that

ay(A) € ﬂ kermg = ﬂ kermg = J,
BeR gelo.1]

as desired. 0

The spectrum of a 1D almost Mathieu operator may be approximated by considering its
compressions to finite dimensional subspaces of the canonical basis of £2(Z) (cf. [2]), and
this can be done in an effective way as the matrices one has to work with are tridiagonal
selfadjoint matrices (as done in the computer program pending with {2]). Using [7], the
spectrum of a 2D almost Mathieu operator may also be approximated by the same method,
but now it seems hard to do this in an effective way as the matrices are not tridiagonal in
this case and one quickly runs into numerical problems.

If one of the components of @ is an integer, one may introduce some generalized 1D
almost Mathieu operators, as we do below, to which one should be able to adapt Arveson’s
program.

5.11

We assume for simplicity that @ = (0, 65, 83) throughout this section.
When 6, B € R, we recall from Section 2 that My g denotes the multiplication operator
acting on £2(Z) associated to the function

m —> 2cos(2Qmr(mb + B)).

We also recall that A denotes the Laplacian on £2(Z).
Let now ¢ € R3, 5, B3 € R. We define the generalized 1D almost Mathieu operator
h@.c.p,.p, as the operator acting on £2(Z) given by

h@.c.pr.py = 1A + oMoy gy + c3Ma, g,

We first etablish the connection with Ag . , which motivates the somewhat surprising
ordering of indices in this definition. Let z2, z3 € T. We define unitary operators U, V-,
and W, acting on 22(2) by
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UE)m)=&(m—1),

V., = multiplication by the function m — zpei2Tmbs

W., = multiplication by the function m — 73 27mo
Then one checks that U, V_, and W, satisfy the following relations
UV, =BV, U, VW, =W, V., W,U=e"2UW,,.

Using the universal property of Ag, there exists a homomorphism 7, ., from .Ag onto
C*(U, V,,, W,) such that

T (UD) =U, 75 ,(U2) =V, 742 U3) = W,.
Now, if we write 7o = e 12783, 3 = €782 _for some B2, B3 € R, then a short computation
gives

25,23 (A@c) = h@.c,ﬂz,ﬁ3 .

Further, as to be expected, we get again an analogous result as in the 2D case. Note that
with our standing assumption, @ is degenerate when 1, 6, and 65 are rationally dependent,
and nondegenerate otherwise.

Proposition. We have
$(@,¢) = Sp(h@.cp,.p,) if O is nondegenerate,

S(@,¢c) = U Sph@.c.p,.p,) if © is degenerate.
B2.83¢€(0,1]

Proof. The proof follows the same lines as the proof of Proposition 5.10, so let us be
somewhat more sketchy. The nondegenerate case should be clear. In the degenerate case, it
is enough to show that the family {m;, ., }:,z;eT is separating, and this is done by showing
that K is invariant under the action « on Ag, where

K:= ﬂ kerm,, 4.

22,2360

For z; € T, denote by U, the unitary operator acting on £2(Z) given as the multiplication
operator associated with the function

m — (z1)™.

Then, for 71, 22, z3 € T, define a representation m;, ., -, of Ag on £2(Z) by
Tz = (Ad Uz ) oy, 4.

Let A e K,~veT3 As

T2y,20.23 O Ay = Tzyy1.2072,2393
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we get

Ty 2 (@ (A)) =TTy 2310 2315 (A)
= (Ad Uy, )(ﬂ:zyz.:._xy] (A))
=0,

forall z,z3 € T, hence a~(A) € K as desired. O

This result is interesting in several aspects. First, it is clear that generalized 1D almost
Mathieu operators are 1D discrete almost periodic Schrodinger operators (sometimes called
almost periodic Jacobi matrices, cf. [28,56]). Quite a lot is known about this class of oper-
ators and it has been observed that the spectrum of such an operator has a tendency to be a
Cantor set. Hence, the above result supports the idea that the spectrum of a 3D discrete mag-
netic Laplacians could always (or at least generically) be a Cantor set in the nondegenerate
case.

Secondly, it is not difficult to see that one may use the method of Arveson ([2,7]) to
approximate spectra of generalized 1D almost Mathieu operators, and this may be done
effectively as the matrices to be diagonalized are now tridiagonal, cf. our comment at the
end of 5.10. Hence, the above result may be used as a basis for approximating spectra
of 3D discrete magnetic Laplacians (for the class of @ considered in this subsection), in a
different way than the one alluded to in 5.7. Again, we hope to come back to these numerical
considerations in a later work.

Finally, it opens up the possibility that one may be able to adapt some of the arguments
used in the study of 2D discrete magnetic Laplacians to the 3D case considered here. For
example, we have checked that one may adapt the proof of Theorem 5.3 in [24], to show
that the map @ — S(8©, ¢) is Hausdorff-continuous when restricted to the set of & with
6) = 0, cf. our comment in 5.8. Note that the tridiagonality of generalized 1D almost
Mathieu operators is important for carrying out the argument.

512

We have written this paper as an introductory text and there is clearly a lot of work left
to be done. Besides the questions mentionned so far, one may ask e.g. wether anything
can be said about the Lebesgue measure of S(©, ¢) (cf. [44] and references therein for
the 2D case), or about its Hausdorff dimension. Another question is wether it is possible
to use semiclassical analysis ([13,39,57]) in the study of S(@, ¢) . We hope this article
will succeed in drawing attention to this fascinating subject, which we think deserves to be
investigated more thoroughly.
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